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The asymptotic behavior is studied of the solutions of the second boundary value
(displacements are given on the boundary) and two contact problems of elasticity
theory in a rectangular domain for a curvilinear orthotropic medium with one quite
high elasticity coefficient., The sides of the rectangle are parallel to the ortho-
tropy directions. It is shown that for a curvature different everywhere from zero
for families of very rigid fibers, we always obtain a medium with inextensible fib-
ers in the limit (the model of the medium with inextensible fibers is introduced in
a number of papers, /1/, say). The presence of a large parameter in the generalized
Hocke's law results in a singular perturbation of the boundary value problems. Such
singularly perturbed problems occur in studying structures from composite materials
reinforced by high-medulus fibers /1,2/. It was studied the question of regularity
of the degeneration of pre-limiting boundary value problems in limit problems /3/.
The uniform asymptotic of the solution in a closed domain contains functions of the
angular boundary layer.

We take the generalized Hooke's law for the orthotropic material in the form
Ou = el + Culaay Oup = ol + Coalay, 010 = 2ceslye (1.L)

are deformations in the orthogonal coordinates (x. 'r‘\ which we henceforth
e oxthogonal oxrtn

Ly b lgz are deformations in th \ogonal coordinates (z;, , ence

assume isothermal, to simplify the formu as. The positiveness of the strain potential energy

results in the constraints: ¢, >0, i =1,2,6, and ¢, — ¢ > 0.

Let us introduce the u;max‘n‘iiuuless St.‘L‘ESaEa and stiffnesses by setting 6;; = ¢;ce s
Gi; = G;ces - and let us henceforth conserve the previous notation for the dimensionless stres-
ses. Let us set D, =&* (e small). LetQ be a rectangular domain on a plane, Q = {(x1 Z4);
0<% <a 0z, d}. Let the curvature of a family of fibers z, == const, in § be strictly

different from zero. For the deformations I, |, l, we have the relationship

1 du . m ialav.ku
‘u=‘ra—+7"' n=go;tT

Zhe =5~ oz, ( )+ Pzq ('E')

where u,v are displacements along the fiber families, respectively

3(lnH) a(ln H)
oz, m== dz,

rz=const and I;=const, k=
where H is the Lamé coefficient.
We set
L = bygkyy — My, — bkm — m?, ay =k = bm, a3 =k, +
ckm, a, = bk, — my — ckm

ay = bym,, — kg — K, c=1+ by, b= by

The system of equilibrium equations has the form

.‘-Li,:u,),\,Lc ik _L,aal‘,_L_a_u_Lm_aL_g=_@__/_1=;=O (1.2)
E G W T O T gt [T z2

*u du du

azlazz+k(i+b)-55; m‘a_x"l“‘l"aéu_*‘
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For x =0, a are the displacements, u,v satisfy the boundary conditions
0, 2) = f, (), v(0,2) =fo(x2), ufa,z)=1, (z) (1.3)
v (a, o) = fu (z,)

and for 2 =0, b let one of the following boundary condition combinations be satisfied /4/:

u(r, 0) = g @) vz, 0 =4g(z) ulz,bd = g;(z) (1.4)
v(2, b)) = go(z)

Taxs (T1) 0) = Tam (£,,8) =0, vz, 0) =g, (z,), v(z, b) = 84 (z) (1.3
Tax (T 0) = Ty (2, 8) =0, u (2, 0) = g; (z,), u(x,8) = g, (x,) (1.6)

We require that the functions fx,g& have a sufficiently large quantity of continuous der-
ivatives, and the function m (r,z,) be everywhere different from zero in {.

We designate the praoblem of solving the system of equations (1.2) under the boundary con-
ditions (1.3) and (1.4) the prcblem A,, and the problem of solving the system (1.2) under
the boundary conditions (1.3) and (1.5), the problem B.. The asymptotic behavior of the
solutions of problems (1.2), (1.3), (1.6) is constructed analogously to the asymptotic be-
havior of the problem B, and will not be considered here. We consider the question of con-
structing asymptotics of the solutions of problems 4. and By for small e. The smallness of
¢ means that the domain @ is reinforced by a family of very rigid fibers gz, = const.

2. We construct first the asymptotic of the solution of problem 4, for small e. We
introduce the function ¢ = €2l;; and substitute g into the system of equations (1.2). We seek
the approximate solution of the system of equations obtained in the form

N N
u(Zy, 23) = ,Eo e Uy (T2, Ta), U (Ty, Ta) = n% &, (21, Z2) (2.1)

N
g(@1, T2) = D) &g, (z1, 23)
N0

Upon substituting (2.1) into (1.2), we cbtain a recurrently coupled system of equations

o T = =gu=0, 23>0
Ton T F W=l 92=¢a=0, n> (2.2)

F) v, Pu, du,, év,
oz, @.H) + ¢ 8x, 0z, + [2X] +oiln +m 3z a2 oz, v, =0

9%y du ou -
— —_ =" —n
¢ 0z, 0zg +k (1 +9) oz, m 0z + aan + b 0x,? +

v,
Fop T 0 — Hag, =0

Let us recall that the curvature of the families of fibers gz, =const is proportional to
H,, and is different from zero by assumption. Eliminating g from (2.2), we cbtain an equa-
tion for u,
%

du,
b ozmoay T Gan T Pnln) =In (2.3)

where derivatives of order less than four are in P, (u,)- Equation (2.3) has a component of
the type /5/ with one binary family, of real characteristics I; == const in contrast to the
system (1.2) which is of elliptic type. The change in the type of system results in the ap-
pearance of boundary layer functions along the characteristic part of the boundary in the
asymptotic of the solution of the problem A4,.

We construct a system of eguations to determine the boundary layer functions near xz, = 0.
We introduce the stretching coordinate 71 = z,/e into the system of equations (1.2) and we
expand the functions ax (23, ne), k (2, Me), m (z,, ne) in Taylor series in powers of & near n=0;
we set p(r;) = m(z,0). We seek the approximate solution of the system of equations obtained

in the form
N

N
w0 @) = 3 euno(n W)y 00 (1) = 3 o (1, m)



118

We consequently obtain a recursively related system of equations to determine the bound-
ary layer functions

¢ du,
'5}";( dx 4’9(3'1)1’;1 ﬁ)

=fa1 (2.4)

v,
0"1’ - p{Z1) ( L+ 0 (@), 0>"‘fni
where f, = f..,=0. The differential operators frar fre are reproduced from the initial

system of equations to construct the boundary layer functions, The functions U9 Uyy should
be noticeably different from zero only near n = 0, hence it is natural to reguire that they
vanish as % — +oco. Consequently, they turn out to be connected by certain relationships.

We first consider the case when 7n = 0. We multiply the second equation in the system
(2.4) by pt(z,), differentiate the result with respect to z, and combine with the first equa-
tion. We obtain a relationship from which it follows that

o, 0 (%1, M) = == b == [p™ (@1} vo,0 (21, M]
It can be shown by induction that for nr > 1|
Un,o (#1 M) = — b5— {(f1 (21) Uno (21, W] + &n,0{Vn-1,00 + - - » Vo, 0) (2.5}

where gn,e 1is a certain uniquely defined function. Substituting (2.5) into the second equa~
tion of the system (2.4), we obtain a second order elliptic equation to determine Un,o {2y )

011— +9(1‘1) axs [p7t (1) vn 0l = P72 Wp 0= fr,3 (Pne1,00 - « -+ Vo o) (2.6)

where f, 3 =0for n=0.

The functions un,;{Z;, M)y Vn,1 (¥, W) of the boundary layer near zy = b  canbe constructed
in a similar manner by introducing the stretching coordinate n, = (b — zy)/e. Here the boundary
layer functions satisfy relationships analogous to (2.5).

Therefore, we obtain the asymptotic expansion of the problem in the form

N N
F]
w(xy, To) = ¥ €M, (1, Te) + E" 3 e b oo [ 071 (21) V¢ (21, )] +- (2.7
N

=g ey
gr.o— b;,%;{p“ (Z1, By v, 1 (21, M+ gt}
M

du
U Ty J,‘g) = Z en Jl"‘"‘ mt (Z1, 32) E) -

n==0

+m H s + U0 (21 1) + Vnx (220 M)

where U, (%, %,) is the boundary layer function near 1, =254, and p'{z,b) = m™{z,d). The
asymptotic expansions (2.7) permit determination of the boundary conditions for the functions
un for z,=10,b and v, Vn,, for n =0 and g, =0,
For example, let us note that it is impossible to set

Juy
(@ =gz — o) G o 0) =g (20)

since it is impossible to give two independent boundary conditions on the characteristic of
(2.3); this would result in giving two boundary conditions for the function wnps(x, W) at n=290.
But {2.6) is elliptic, and the boundary value problem to determine the boundary layer func-—
tions would be incorrect.

To determine the correct boundary conditions, we use the method of elimination. Eliminat-
ing Us and Upe Successively from (2.7), we obtain that for ., = 0 the functions u, and 4%
satisfy the Bcundary conditions

1t (%1, 0) [ 1 (21) (11: 0)] =g () + b‘a;" Ip™! (1) gs ()] (2.8

Vo,0(1 0) = bz [ 071 (20) o (07 (30 V0.0 (20, O) | =2 20) + 57 (@) 0 ()]
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We obtain analogous boundary conditions for ug {2y, 2o, Ug,y (£, 1y) for & = b. Therefore,
none of the boundary conditions of the prelimiting problem Ag is satisfied in the limit bound-
ary value problem 4,.

Let us note that the representation of the asymptotic of the solution of problem 4. in
the form (2.7) does not permit satisfaction of the boundary conditions (1.4) for z, =0, ¢
since the boundary layer functions can satisfy just one boundary condition for z, =0, a re-
spectively, because of the ellipticity of (2.6). Therefore, to construct the complete asymp-
totic of the solution of problem A.. it is necessary to append boundary layer functions near
the angular points of the domain to the functions {2.7).

We construct anagular boundary layer functions near the point (0,0) (they are determined
analogously near the remaining points). We expand the coefficients of the system (1.2) in
power series in z; and z, near the point (0, ) and we introduce the stretching coordinates T =

z,/e, 4 = z.fe. Substituting them into the system (1.2), we obtain

lia g 33
E—z( -9 O 8 +G(T}ﬂ)v+8_1 e )+08 61;1] +8 lﬁ;_:__}_ (2.9)

a {1, vq)u-}-me' -g;—--ag(r,q)e“%-—aa(t, NHrv=0

ce? = a“ +k(1+b)e’1——me i—]—m(‘r,n}u-}-

8-:)
an’

Expanding the coefficients of the derivatives in powers of &, we find the approximate
solution of the system (2.9) in the form
N1 N
u(r,m=e 3 &pao(tm) V(T M= 3 &%no(7, M)
el fnod

-,a

e

— a5 (T, M) v —&* (ma ?,: +m’a)=0

We then obtain the eguations

&po’u m (0, 0) =2 90, =0 (2.10)
a1z
“""’ + a0 — (0,0 2L — (0, 0)gu0= 0

for the functions p,,, and go,0 , and analogous equations to determine the functions Pa.e

and g, for 2> 1.
We require the function u, (%, %,) to satisfy the boundary conditions {(1.3), and the func-

tion 1y, {%,,n)} the boundary conditions
2= (07 (22 0,0 (215 Dheems,a =0 (2.11)
Then to determine the functions p,, and g¢,, we obtain the boundary conditions
Zo,0 (0, ) = —vo,0 (0, ), Go,0 (1. 0) = 0, po,o (0, m) =0 (2.12)

According to conditions (2.12), the bounded solution as t-* 4 oo , for the system of equa-
tions (2.10) is uniquely determined.
We obtain boundary conditions analogous to (2.12) for the functions gu,0 and pnas for
rn > 1. According to boundary conditions (2.8} and (2.11), the function p,,{z;, v} is defined
uniquely, where it damps out exponentially as n— + oo,
Indeed, it can be represented in the form

o -
vy, o (212 M) = 2 e n“\pn (@)
n=0
where A, and %s (n) are the eigennumbers and eigenfunctions of the following spectral problem:

dz
P Zz [0 () ¥, (3] + (b2 — ™) ¥, (21) = 0 (2.13)

dfdz; (P (21) $p (T1)) g, 0 = O
which is self-adjoint, and as is known, has two series of eigenvalues: for Ax> 0 and i, <O0.

The requirement of damping as n—+ « permits keeping only the positive A, in the representa-
tion mentioned and satisfying the given boundary condition for n= 0.



120

3. We briefly consider the problem 5B, whose asymptotic of the sclution is contructed
analogously to the asymptotic of the problem 4, ; the distinction is just that for 3 =0 the
boundary layer function should be sought in the form

N—-1 N-1
ut(zn M=t D uno(Znn) UMz M=t D "ng (2 M)
il R

However, in contrast to the problem 4., the function v, (%, 23) in the zero~th approx-
imation satisfies the boundary condition (1.5). Therefore, the problem B, is regularly de-
generate (one of the boundary conditions of the prelimit problem is conserved in the limit).
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